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We present a new family of asymptotically AdS four-dimensional black hole solutions with scalar
hair of a gravitating system consisting of a scalar field minimally coupled to gravity with a self-
interacting potential. For a certain profile of the scalar field we solve the Einstein equations and
we determine the scalar potential. Thermodynamically we show that there is a critical temperature
below which there is a phase transition of a black hole with hyperbolic horizon to the new hairy
black hole configuration.
PACS numbers:
I. INTRODUCTION
Hairy black holes are interesting solutions of Einstein’s Theory of Gravity and also of certain types of Modified
Gravity Theories. These solutions have been extensively studied over the years mainly in connection with the no-
hair theorems. The recent developments in string theory and specially the application of the AdS/CFT principle to
condense matter phenomena like superconductivity (for a review see [1]), triggered the interest of further study of the
behaviour of matter fields outside the black hole horizon [2, 3]. There are also very interesting recent developments
in Observational Astronomy. High precision astronomical observations of the supermassive black holes may pave the
way to experimentally test the no-hair conjecture [4]. Also there are numerical investigations of single and binary
black holes in the presence of scalar fields [5].
These developments put forward the necessity of a better understanding of the behaviour of matter fields all the
way from the black hole horizon to asymptotic infinity. The basic physical requirement of a black hole solution with
scalar hair is the scalar field to be regular on the horizon and to fall off sufficiently fast at the infinity. Another
important problem which is still open is to find a way to characterize the presence of the scalar hair. All the hairy
black hole solutions known so far are characterized by secondary hair i.e. parameters which are connected in some
way with the physical parameters of the solution. This implies that it is not possible to continuously connect the
hairy configuration with mass M and a configuration with the same mass and no scalar field. It is desirable to find
hairy black hole solutions in which the scalar hair is characterized by a primary hair, i.e. a conserved charge. This
may be archived if we could find a stealth solution in which the scalar sector of the theory is hidden from the gravity
sector. Work on this direction is in progress from various groups.
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2The first attempts to couple a scalar field to gravity was done in a asymptotically flat spacetime. Then hairy
black hole solutions were found [6] but soon it was realized that these solutions were not examples of hairy black
hole configurations violating the no-hair theorems because they were not physically acceptable as the scalar field was
divergent on the horizon and stability analysis showed that they were unstable [7]. To remedy this a regularization
procedure has to be used to make the scalar field finite on the horizon.
The easiest way to make the scalar field regular on the horizon is to introduce a scale in the gravity sector of the
theory through a cosmological constant. The resulting black hole solutions with the presence of the cosmological
constant have regular scalar field on the horizon and all possible infinities are hidden behind the horizon. Hairy black
hole solutions were found with a minimally coupled scalar field and a self-interaction potential in asymptotically dS
space [8] and also a numerical solution was presented in [9], but it was unstable. If the scalar field is non-minimally
coupled a hairy black hole configuration was found [10], but perturbation analysis showed the instability of the
solution [11, 12]. In the case of a negative cosmological constant, stable solutions were found numerically for spherical
geometries [13, 14] and an exact solution in asymptotically AdS space with hyperbolic geometry was presented in [15]
and generalized later to include charge [16]. In all the above solutions the scalar field was conformally coupled to
gravity. A generalization to non-conformal solutions was discussed in [17]. Further hairy solutions in the presence of a
cosmological constant were reported in [18–21] with various properties. More recently new hairy black hole solutions,
boson stars and numerical rotating hairy black hole solutions were reported [22–26].
Another way to make the scalar field regular on the horizon is to introduce a scale in the scalar sector. This can be
done if in the Einstein-Hilbert action there is a coupling of a scalar field to Einstein tensor. The derivative coupling
has the dimension of length square and it was shown that acts as an effective cosmological constant [27, 28]. Then
in [29] a gravitating system of vanishing cosmological constant consisting of an electromagnetic field and a scalar
field coupled to the Einstein tensor was discussed. A Reissner-Nordstrom black hole undergoes a second-order phase
transition to a hairy black hole of generally anisotropic hair at a certain critical temperature which we compute. The
no-hair theorem is evaded due to the coupling between the scalar field and the Einstein tensor. Spherically symmetric
hairy black hole solutions with scalar hair were also found in the presence of this coupling [30]. Finally hairy black
hole configurations were found when a charged C-metric is conformally coupled to a scalar field [31, 32]. In these
models the acceleration parameter plays the role of the cosmological constant giving regularity to the scalar field 1.
In [33] a charged C-metric coupled also to an electromagnetic field was considered and hairy black hole solutions were
found.
The gauge/gravity duality is a principle which relates strongly coupled systems to the their weak coupled gravity
duals. One of the most well studied system in the context of gauge/gravity duality, is the holographic superconductor.
In its simplest form, the gravity sector is a gravitating system with a cosmological constant, a gauge field and a charged
scalar field with a potential (for a review see [34]). The dynamics of the system defines a critical temperature above
which the system finds itself in its normal phase and the scalar field does not have any dynamics. Below the critical
temperature the system undergoes a phase transition to a new configuration. From the gravity side this is interpretated
as the black hole to acquire hair while from boundary conformal field theory site this is interpretated as a condensation
of the scalar field and the system enters a superconducting phase.
The whole dynamics of the holographic superconductor relies heavily on how the scalar filed behaves outside the
black hole horizon and at infinity. In [2, 3] a mechanism was proposed to break an Abelian gauge symmetry near a
black hole horizon. The mechanism is similar to the Landau-Ginzburg mechanism in superconductivity but it is more
geometrical. The effective mass of the scalar field is m2eff = m
2+ q2gttA2t where q is the charge of the scalar field and
At the scalar potential of the gauge field. For large values of the scalar charge the effective mass can become negative
signaling the breaking of the gauge symmetry outside the black hole horizon [3]. However, for this mechanism to
work the behaviour of the scalar field at infinity is crucial. The scalar field at large distances should find a potential
barrier (the cosmological constant can be considered as the constant term of the potential at large distances). This
is necessary because for large values of q the electrostatic repulsion overcomes the gravitational attraction and the
matter field goes to infinity. If it finds a potential barrier then it bounces back and condenses outside the black hole
horizon giving in this way a hairy black hole configuration.
From the above discussion we conclude that it is important to understand the behaviour of a hairy black hole at
large distances. In this work we will develop a general formalism to generate asymptotically AdS hairy black holes.
We consider a gravitational system which for simplicity consists only of a real scalar field conformally coupled to
gravity with a self-interacting potential in which we have incorporated the cosmological constant. We also assume
spherical symmetry of the system. We look for solutions with the following characteristics. The scalar field to be
1 Actually there is still an irregularity of the scalar field on one point on the horizon but at least the scalar field does not diverge on the
whole horizon.
3regular on the horizon, to fall off at asymptotic infinity and the self-interacting potential to go to the cosmological
constant at infinity. The strategy we follow is that we choose a profile of the scalar field. Then the metric functions
and the self-interacting potential are calculated analytically. A similar procedure to construct asymptotic hairy black
holes was considered in five-dimensions [35].
The paper is organized as follows. In Section II we present the general formalism and we apply it to some of
the existing exact black hole solutions with a conformally coupled scalar field with a self-interacting potential. In
Section III we discuss a new class of asymptotically AdS black holes with scalar hair. In Section IV, we discuss the
thermodynamics, first by using the Euclidean formalism we calculate the mass and the entropy of the solutions and
then we show that a phase transition occurs between the asymptotically AdS four-dimensional black hole with scalar
hair and a black hole with hyperbolic horizon and finally in Section V we conclude.
II. GENERAL FORMALISM
In this section we will present a general formalism of a neutral scalar field minimally coupled to curvature having a
self-interacting potential V (φ) and using it we will review the existing hairy black hole solutions. We start with the
Einstein-Hilbert action with a negative cosmological constant Λ = −6l−2/κ, where l is the length of the AdS space
and κ = 8πGN , with GN the Newton constant. We will incorporate the cosmological constant in the potential as
Λ = V (0) (V (0) < 0).
The action is
S =
∫
d4x
√−g
(
1
2κ
R− 1
2
gµν∇µφ∇νφ− V (φ)
)
. (1)
The resulting Einstein equations from the above action are
Rµν − 1
2
gµνR = κT
(φ)
µν (2)
and the energy momentum tensor T
(φ)
µν for the scalar field is
T (φ)µν = ∇µφ∇νφ− gµν [
1
2
gρσ∇ρφ∇σφ+ V (φ)] . (3)
If we use Eqs. (2) and (3) we obtain the equivalent equation
Rµν − κ (∂µφ∂νφ+ gµνV (φ)) = 0 . (4)
We consider the following metric ansatz
ds2 = −f(r)dt2 + f−1(r)dr2 + a2(r)dσ2 (5)
where dσ2 is the metric of the spatial 2-section, which can have positive, negative or zero curvature. In the case of
the metric of Eq. (5), if we use Eq. (4) we find the following three independent differential equations
f ′′(r) + 2
a′(r)
a(r)
f ′(r) + 2V (φ) = 0 , (6)
a′(r)
a(r)
f ′(r) +
(
(a′(r))2
a2(r)
+
a′′(r)
a(r)
)
f(r)− k
a2(r)
+ V (φ) = 0 , (7)
f ′′(r) + 2
a′(r)
a(r)
f ′(r) +
(
4
a′′(r)
a(r)
+ 2(φ′(r))2
)
f(r) + 2V (φ) = 0 , (8)
where k is the curvature of the spatial 2-section. All the quantities, in the above equations, have been rendered
dimensionless via the redefinitions
√
κφ→ φ, κℓ−2V → V and r/l→ r.
If we eliminate the potential V (φ) from the above equations we obtain
a′′(r) +
1
2
(φ′(r))2a(r) = 0 , (9)
4f ′′(r) − 2
(
(a′(r))2
a2(r)
+
a′′(r)
a(r)
)
f(r) +
2k
a2(r)
= 0 , (10)
where the potential can be determined from Eq. (6) if the functions a(r) and f(r) are known.
To find exact hairy black hole solutions the differential equations (6)-(8) have to be supplemented with the Klein-
Gordon equation of the scalar field which in general coordinates reads
φ =
dV
dφ
. (11)
There is a well known solution of the differential equations (6)-(8) and (11), the MTZ solution [15], with the change
of coordinates dr
′
r′2 =
dr
a(r)2 , MTZ metric is given by
ds2 = B (r′)
(
−F (r′) dt2 + 1
F (r′)
dr′2 + r′2dσ2
)
(12)
B(r′) =
r′(r′ + 2GNµ)
(r′ +GNµ)2
, (13)
F (r′) =
r′2
l2
−
(
1 +
GNµ
2
)2
. (14)
The scalar field is given by
φ =
√
3
4πGN
Arctanh
GNµ
r′ +GNµ
, (15)
where the potential is found to be
V (φ) = Λ sinh2
√
4πGN
3
φ . (16)
This is the simplest known hairy black hole solution of a scalar field minimally coupled to the curvature which goes to
zero at infinity and it is regular on the horizon. Another interesting feature of this solution is revealed if the solution
is transformed to the Jordan frame via a conformal transformation. Then it can be understood that its simplicity
relies on the fact that conformal symmetry in the scalar sector allows the energy momentum tensor to be traceless
resulting to a simple relation of the scalar curvature R to the cosmological constant.
If one wants to abandon the conformal coupling of the scalar field to curvature one can still solve the equations
(6)-(8) and (11), but the resulting potential from equation (6) is more complicated than the corresponding potential
of the MTZ black hole solution. This solution has the form in the coordinates dr
′
r′2 =
dr
a(r)2 [17]
B(r′) =
r′(r′ + 2r′0)
(r′ + r′0)2
, (17)
with
F (r′) =
r′2
l2
− g r0
l2
r′ − 1 + g r
′2
0
l2
−
(
1− 2g r
′2
0
l2
)
r′0
r′
(
2 +
r′0
r′
)
+ g
r′2
2l2
ln
(
1 +
2r′0
r′
)
. (18)
The scalar field is
φ =
√
3
4πGN
Arctanh
r′0
r′ + r′0
, (19)
where r′0 is a constant and the potential is given by
V (φ) =
Λ
4πGN
sinh2
√
4πGN
3
φ
+
gΛ
6πGN
[
2
√
3πGNφ cosh
(√
16πGN
3
φ
)
− 9
8
sinh
(√
16πGN
3
φ
)
− 1
8
sinh
(
4
√
3πGNφ
)]
.
(20)
5It is interesting to observe that there is a parameter g in the potential indicating the departure from conformal
invariance. If g = 0 then we recover the MTZ black hole.
Another interesting solution of the equations (6)-(8) and (11) is provided by the C-metric solution [31]2. The metric
is given by
ds2 =
u(y, x)
A2(x − y)2
[
F (y)dt2 − 1
F (y)
dy2 +
1
G(x)
dx2 +G(x)dz2
]
, (21)
with metric functions
u(y, x) = 1 +
2πΛ
9α
(
Am(x− y)
1 +Am(x + y)
)2
,
F (y) =
Λ
3A2
+ 1− y2 − 2mAy3 −m2A2y4 ,
G(x) = 1− x2 − 2mAx3 −m2A2x4 . (22)
The self-interacting potential and the scalar field are given by
V (Ψ) =
Λ
8π
[
cosh4
(√
4π
3
Ψ
)
+
9α
2πΛ
sinh4
(√
4π
3
Ψ
)
− 1
]
, (23)
φ(y, x) =
√
3
4π
Arctanh
(√
−2πΛ
9α
Am(x− y)
1 +Am(x + y)
)
. (24)
The limit of Λ → 0 is obtained upon letting the coupling α → 0 so that αΛ ∼ constant 3. This solution then reduces
smoothly to the solution found in [6] for zero acceleration A = 0. When A 6= 0 but Λ = 0 the potential drops
out giving the solution of [36] at minimal EM-scalar coupling. If finally on the other hand Λ 6= 0, we obtain the
solution found in [10]. A generalization of this solution to Plebanski-Demianski spacetime was discussed in [18] where
accelerated, stationary and axisymmetric exact solutions with self-interacting scalar fields in (A)dS were found.
Before ending this section we note that in [37] a similar formalism was developed adding a dilaton field coupled to
an U(1) gauge field in the action (1).
III. A NEW CLASS OF FOUR-DIMENSIONAL ASYMPTOTICALLY ADS BLACK HOLES WITH
SCALAR HAIR
In this section we will follow another approach. Instead of looking for an another exact black hole solution of the
equations (6)-(8) and (11) we will look for asymptotically AdS solutions with scalar hair. Such solutions were studied
in (2+1)-dimensions [38] and in (3+1)-dimensions [39] in connection with conserved charges.
Following the general formalism develop in Section II for a scalar field coupled minimally to gravity, we consider a
particular profile of the scalar field. Consider the following ansatz for the scalar field
φ (r) = b ln
(
1 +
ν
r
)
, (25)
where b and ν are parameters. Then from equation (9) we can determine the metric function a (r) analytically
a (r) = αr
1
2 (1+
√
1−2b2) (r + ν)
1
2 (1−
√
1−2b2) + β
r
1
2 (1−
√
1−2b2) (r + ν)
1
2 (1+
√
1−2b2)
ν
√
1− 2b2 , (26)
where α and β are integration constants. For simplicity we take α = 1 , β = 0 and b = 1/
√
2 and consequently
equation (26) can be written as
a (r) =
√
r (r + ν) . (27)
2 In [31] there is also an electromagnetic field present in the action.
3 The parameter α is the coupling of the scalar field in the conformal frame [31].
6We can also determine the metric function f(r) analytically using equation (10). We find
f (r) = k + Fr (r + ν) +
G
ν3
(
−ν (ν + 2r) + 2r (r + ν) ln
(
r + ν
r
))
, (28)
where k = −1, 0, 1 and F , G are constants being proportional to the cosmological constant and to the mass respectively.
Using the solution (28) from equation (6) we obtain the following family of self-interacting potentials
V (r) = − 1
2ν3r (r + ν)
(
−6νG (2r + ν) + (6r2 + 6νr + ν2)(ν3F + 2G ln(r + ν
r
)))
. (29)
These potentials act as a barrier to the scalar field at large distances. Note that the asymptotic behaviour of the
the metric function f(r) and the scalar field is given by
f (r) = k − Fν
2
4
+ F
(
r +
ν
2
)2
− G
3r
+O
(
1
r2
)
, (30)
φ (r) =
1√
2
(
ν
r
− 1
2
ν2
r2
+O
(
1
r3
))
. (31)
The Klein-Gordon equation (11) is giving the scalar field evolution in its potential and at large distances it is trivially
satisfied.
Solving equation (25) for r
r =
ν
e
√
2φ − 1 (32)
we can write the potential (29) in terms of the scalar field φ
V (φ) = −F
(
2 + cosh
(√
2φ
))
+
G
ν3
(
6 sinh
(√
2φ
)
− 2
√
2φ
(
2 + cosh
(√
2φ
)))
, (33)
which has a global maximum at φ = 0 where V (0) = Λ as expected and also F = −Λ3 = 1l2 4. Besides, we know that
V ′′ (φ = 0) = m2 , (34)
where m is the scalar field mass. Therefore, we obtain that the scalar field mass is given by
m2 =
2Λ
3
= −2l−2 , (35)
which satisfies the Breitenhner-Friedman bound that ensures the perturbative stability of the AdS spacetime [41].
In Fig. 1 we plot the behaviour of the metric function f (r) and the potential V (r) for a choice of parameters
k = 0, ν = 1, F = 1 and G = 1. The metric function f(r) changes sign for low values of r signaling the presence of an
horizon, while the potential asymptotically tends to a negative constant (the cosmological constant), and the scalar
field is regular everywhere outside the event horizon and null at spatial infinity. We have also checked the behaviour
of the curvature outside the black hole horizon. As it is shown in Fig. 2 there is no curvature singularity outside the
horizon for k = −1, 0, 1.
To understand better the behaviour of the metric solution we have found, when the scalar field goes to zero
asymptotically, the metric solution should go to the Schwarzschild anti-de Sitter solution5. To show that we make a
change of coordinates ρ =
√
r (r + ν). Then the metric can be written as
ds2 = −χ (ρ) dt2 + 4ρ
2/ν2
4ρ2/ν2 + 1
1
χ (ρ)
dρ2 + ρ2dσ2 , (36)
4 This potential was also found in [40] following a different approach.
5 This happens for k = 1. For k = −1 it goes to the topological anti-de Sitter black hole solution.
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FIG. 1: The behaviour of f(r) and V (r) with k = 0, ν = 1, F = 1 and G = 1.
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FIG. 2: The behaviour of Kretschmann scalar RµνρσR
µνρσ(r) (Solid curve) and f(r) (Dashed curve) as function of r. Left
figure for k = −1, ν = 1, G = −1 and F = 1. Center figure for k = 0, ν = 1, G = 1 and F = 1. Right figure for k = 1, ν = −1,
G = −1 and F = −1.
where
χ (ρ) = k + Fρ2 − G
ν

√4ρ2
ν2
+ 1− 2ρ
2
ν2
ln

 1 +
√
4ρ2
ν2 + 1
−1 +
√
4ρ2
ν2 + 1



 . (37)
The scalar field in the new coordinates reads
φ (ρ) =
1√
2
ln

 1 +
√
4ρ2
ν2 + 1
−1 +
√
4ρ2
ν2 + 1

 . (38)
At infinity the scalar field decouples and the metric goes to
χ (ρ) = k + Fρ2 − G
3ρ
+O
(
1
ρ3
)
. (39)
From the above relation we can see that the asymptotic behaviour is the Schwarzschild anti-de Sitter metric with the
constant G proportional to the black hole mass and also the constant F proportional to the cosmological constant,
as expected.
Now let us see the behaviour of the scalar field at large distances. It was observed in [39] that if the scalar hair has
a logarithmic form then its backreaction on the metric changes the behaviour of the metric at large distances having
a slower asymptotic variation and in some cases even changing the geometry of an AdS space.
The asymptotic behaviour of the scalar field (38) is given by
φ (ρ) =
1√
2
(
ν
ρ
− 1
24
ν3
ρ3
+O
(
1
ρ5
))
. (40)
Then the metric (36) has quite different behaviour at large distances. Calculating its asymptotic gρρ component one
finds
gρρ =
l2
ρ2
+
l4
ρ4
(
−k − ν
2
4l2
)
+O
(
1
ρ5
)
. (41)
8We see that the geometry exhibits a deviation from AdS at large distances in accordance with the observation in
[39]. However, the conserved charges are well defined and finite as we will see in next section, where we will compute
the mass and the entropy of our black hole solutions using the Euclidean formalism. We will also study in the next
section the phase transitions between the asymptotically AdS four-dimensional black holes with scalar hair and the
black hole solutions without hair.
IV. THERMODYNAMICS
A. Mass and entropy from boundary terms
In order to calculate the mass and entropy of our black hole solution using the Euclidean formalism, we will
transform the metric (36) to a more suitable form. Performing the change of coordinates
ρ =
νeν/(2r)
eν/r − 1 , (42)
the metric (36) acquires the form
ds2 = N (r)
(
−B (r) dt2 + 1
B (r)
dr2 + r2dσ2
)
, (43)
where
N (r) =
ν2eν/r
r2
(
eν/r − 1)2 , (44)
B (r) =
kr2
ν2
(
eν/r + e−ν/r − 2
)
+ Fr2 +
2G
ν2
r − Gr
2
ν3
(
eν/r − e−ν/r
)
. (45)
Note that metric (43) is symmetric under the change ν by −ν, and the scalar field in the new coordinates becomes
φ (r) =
ν√
2r
. (46)
We go to Euclidean time t→ it and we consider the action
I =
∫ (
πij g˙ij + pφ˙−NH −N iHi
)
d3xdt+Bsurf , (47)
where πij is the conjugate momenta of the metric and p is the conjugate momenta of the field; Bsurf is a surface
term. So, by considering the metric
ds2 = N2 (r) f2 (r) dτ2 + f−2 (r) dr2 +R2 (r) dσ2 , (48)
where
N (r) =
ν2eν/r
r2
(
eν/r − 1)2 , f2 (r) =
r2
(
eν/r − 1)2
ν2eν/r
B (r) , R2 (r) =
ν2eν/r(
eν/r − 1)2 , (49)
and with a periodic β = 1/T where T is the temperature, the action becomes
I = −βσ
∫ ∞
r+
N (r)H (r) dr +Bsurf , (50)
where σ is the area of the spatial 2-section. We now compute the action when the field equations hold. The condition
that the geometries which are permitted should not have conical singularities at the horizon imposes
T =
B′ (r+)
4π
. (51)
9So, by using the grand canonical ensemble we can fix the temperature. The variation of the surface term yields
δBsurf = δBφ + δBG , (52)
where
δBG = βσ
[
N
(
RR′δf2 − (f2)′RδR)+ 2f2R (NδR′ −N ′δR)]∞
r+
, (53)
δBφ = βσNR
2f2φ′δφ . (54)
With an asymptotic behaviour of the metric function f(r) given by
f2 (r) = Fr2 + k +
Fν2
12
− G
3r
+O
(
1
r2
)
, (55)
we find
δBG∞ = βσ
(
Fνr
2
+O
(
1
r
))
δν + βσ
(
−1
3
+O
(
1
r2
))
δG , (56)
and
δBφ∞ = βσ
(
−Fνr
2
+O
(
1
r
))
δν . (57)
From the above expressions we deduce the surface terms at infinity
Bsurf∞ = −βσG
3
, (58)
and at the horizon
Bsurfr+ = −
σ
4GN
R2 (r+) . (59)
Therefore, the Euclidean action reads
I = −βσG
3
+
σ
4GN
R2 (r+) , (60)
and as the Euclidean action is related to the free energy through I = −βF , we obtain
I = S − βM , (61)
where the mass M is
M =
σG
3
, (62)
and the entropy S is
S =
σ
4GN
R2 (r+) . (63)
Notice that the mass (62) is proportional to the constant G as expected, and it is not related to the parameter ν
of the scalar field. This result is interesting compared to the results obtained from the exact solutions of the action
(1) presented in Section 2. In all these solutions the mass and the charge of the scalar field are related. This can be
understood from the fact that asymptotically the matter fields decouple from the gravity sector so a kind of stealth
mechanism is operating [42] allowing to found asymptotically AdS black holes with primary hair.
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B. Phase transitions
Having the temperature, mass and entropy for the asymptotically AdS hairy black hole solutions given by Equations
(51), (62), and (63) respectively, we can study possible phase transitions to known black hole solutions without hair.
In the absence of a scalar field the action (1) for k = −1 has as a solution the topological AdS black hole [43–45] with
temperature, entropy and mass given respectively by
T =
3
4πl
(
ρ+
l
− l
3ρ+
)
, STBH = 2πσρ
2
+, MTBH = σρ+
(
ρ2+
l2
− 1
)
. (64)
So, the horizon radius ρ+ =
2piT
3 +
√(
2piT
3
)2
+ 13 can be written as a function of the temperature. To study the
dependence of the horizon radius of the hairy black hole with respect to the parameter ν and to the mass M of the
hairy black hole, we plot Fig. 3. This Figure shows that the horizon radius takes the same value for ν and −ν, which
FIG. 3: The behaviour of r+ respect to ν and to the mass M with k = −1, l = 1, and σ = 1.
is easily seen from Equation (45). Also, we can see that there exist a minimum value of the horizon when ν = 0 where
the metric coincides with the topological black hole. In Fig. 4 we plot the parameter ν as function of the temperature
and the mass M of the hairy black hole. It is shown in this Figure that for a given mass and temperature there are
two values of the parameter ν for which the temperature of the topological black hole is obtained.
FIG. 4: The behaviour of ν as function of the temperature and the mass M with k = −1, l = 1, and σ = 1.
The graphics for the Euclidean actions are showed in Fig. 5 and 6 for the black hole with scalar hair and the
topological black hole respectively and in Fig. 7 we depict both actions in the same figure, in order to see the range
of values of black hole mass for which the phase transitions exist. Thus, from Fig. 7, we can see that there exists a
phase transition only for negative masses, and the hairy black hole dominates for small temperatures, while for large
temperatures the topological black hole would be preferred. Also, we can observe that the critical temperature at
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FIG. 5: The behaviour of Euclidean actions for the hairy black hole as function of the temperature and the mass M with
k = −1, l = 1, and σ = 1.
FIG. 6: The behaviour of Euclidean actions for the topological black hole as function of the temperature and the mass M with
k = −1, l = 1, and σ = 1.
which this phase transition takes place depends on the mass of the hairy black hole. It is worth mentioning that the
specific heat given by
C = − 4πν
3e
ν
r+
3(1 + e
ν
r+ )(−2r+ + 2r+e
ν
r+ − ν − νe
ν
r+ )
(65)
is positive and therefore the asymptotically AdS black holes with scalar hair that we have found can always reach
thermal equilibrium with their surroundings and hence, are stable against thermal fluctuations.
Carrying out the same analysis for spherical horizons k = 1 we found that there is no phase transitions of the hairy
asymptotically AdS black holes we found to Schwarzschild AdS black hole. This result agrees with the findings in [17]
where only phase transitions of exact hairy black hole solutions to black hole solutions with hyperbolic horizons were
found.
V. CONCLUDING COMMENTS
We have considered four-dimensional gravity theories where the scalar field is minimally coupled to gravity along
with a self-interacting potential. We have found a new family of four-dimensional asymptotically AdS black holes
with scalar hair. These solutions asymptotically give the Schwarzschild anti-de Sitter solution. They characterized
by a scalar field with a logarithmic behaviour, being regular everywhere outside the event horizon and null at spatial
infinity, and by a self-interacting potential, which tends to the cosmological constant at spatial infinity. Calculating
the mass and entropy using the Euclidean formalism we found that the mass of the black hole is not related to the
charge of the scalar field indicating that the scalar hair is primary. Also, we have showed that there is a critical
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FIG. 7: The behaviour of Euclidean actions for the hairy black hole and the topological black hole as function of the temperature
and the mass M with k = −1, l = 1, and σ = 1.
temperature below which the gravitational system undergoes a phase transition to a hairy black hole configuration,
while above the critical temperature an AdS black hole with hyperbolic horizon dominates.
In this work we considered a particular profile for the scalar field. The formalism developed in Section 2 allows
us to consider other profiles for the scalar fields. It would be interesting to consider also exponential profiles for the
scalar field which fall off at infinity quite fast and study the properties and the behaviour of possible asymptotically
AdS black holes with scalar hair.
The asymptotically AdS black hole solutions with scalar hair we discussed in this work may help to understand
better the generation of hairy black hole solutions and the mechanism of scalar condensation which are necessary
for the applications of holography to condensed matter systems. In most of these applications, like the holographic
superconductor, the probe limit was considered in which the scalar field does not backreact on the metric. The
knowledge of exact or asymptotically AdS hairy black hole solutions allows us to consider fully backreacted systems
[46] which may give more information on the boundary theory. It is also interesting to note6 that the potential (33)
can be embedded in M-theory, as it arises from a consistent U(1)4 truncation of gauged N = 8 supergravity [47]. This
may help to construct a realistic holographic superconductor using the top-down approach.
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